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Abstract: One raised product prime labeling of a graph is the labeling of the vertices
with {1,2---,p} and the edges with product of the labels of the incident vertices plus 1.
The greatest common incidence number of a vertex (gcin) of degree greater than one
is defined as the greatest common divisor of the labels of the incident edges. If the
gcin of each vertex of degree greater than one is one, then the graph admits one raised
product prime labeling. Here we investigate some path related graphs for one raised
product prime labeling.
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I INTRODUCTION

All graphs in this paper are finite and undirected. The symbol V(G) and E(G) denotes
the vertex set and edge set of a graph G. The graph whose cardinality of the vertex set
is called the order of G, denoted by p and the cardinality of the edge set is called the
size of the graph G, denoted by g. A graph with p vertices and q edges is called a

(p.a)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some
basic notations and definitions are taken from [1],[2],[3] and [4] . Some basic
concepts are taken from Frank Harary [1]. In this paper we investigated one raised
product prime labeling of some path related graphs.

Definition: 1.1 Let G be a graph with p vertices and g edges. The greatest common
incidence number (gcin) of a vertex of degree greater than or equal to 2, is the
greatest common divisor (gcd) of the labels of the incident edges.

1. MAIN RESULTS

Definition 2.1 Let G = (V(G),E(G)) be a graph with p vertices and q edges .
Define a bijection f: V(G) = {1,2,---, p} by f(vi) =i, for every i from 1 to p and
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define a 1-1 mapping f5pp - E(G) — set of natural numbers N
bY forpp(uv) = f(w)f(v) + 1 .The induced function f,.,, is said to be one raised
product prime labeling, if for each vertex of degree at least 2, the gcin of the labels of
the incident edges is 1.
Definition 2.2 A graph which admits one raised product prime labeling is called one
raised product prime graph.
Theorem 2.1 Path P, (n > 2) admits one raised product prime labeling.
Proof: Let G = P, and let vy,vy,---,v, are the vertices of G.
Here [V(G)| = nand |[E(G)| =n-1.
Define a function f: V - {1,2,---,n} by

f(vi)y=i,i=12,--n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows
forop (Wi Viz1) = i%+i+1 i=1,2,--n-1.
Clearly fzpp is an injection.
gcin of (Vi+1)

ng of {fo*rpp (vi vi+1)l fo*rpp (vi+1 vi+2)}
ged of {i%+i+1, i*+3i+3}
ged of {2i+2, i%+i+1}
ged of {i+1,i(i+1)+1}
=1, i=12--n-2.
So, gcin of each vertex of degree greater than one is 1.
Hence P, , admits one raised product prime labeling.

Example 2.1 G = Ps.

3 o 7 o 13 o 21 0

N N N

V1 V2 V3 V4 Vs
fig—2.1

Theorem 2.2 Middle graph of Path P, (n >2) admits one raised product prime
labeling.
Proof: Let G = M{P,,} and let v1,v,,---,va,.1 are the vertices of G.
Here [V(G)| = 2n-1and |[E(G)| =3n-4.
Define a function f: V — {1,2,---,2n-1} by

f(v;)=i,i1=12,--2n-1
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f,;,, is defined as follows
forpp (Vi Vig1) i2+i+1, i=12--2n-2.
forop (Vi Vair2) (2i+1)% i=12---n-2.
Clearly fopp Is an injection.
gcin of (Vi+1)

ng of {fo*rpp (Ui Ui+1)! fo*rpp (Ui+1 17i+2)}
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=1, i=12,---,2n-3.
So, gcin of each vertex of degree greater than one is 1.
Hence M{P,}, admits one raised product prime labeling.

Example 2.2 G = M(P,)

fig—2.2

Theorem 2.3 Total graph of Path P, (n >2) admits one raised product prime labeling.
Proof: Let G = T{P,} and let v1,v,,---,va,.1 are the vertices of G.
Here [V(G)| = 2n-1and |[E(G)| =4n-5.
Define a function f: V — {1,2,---,2n-1} by
f(vi)=i,i=12,---2n-1
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows

fo*‘rpp(vi 17i+1) = i2+i+11 i=12--2n-2.
forpp(V2i V2i+2) = (2i+1)2, i=1,2,---n-2.
fo*rpp(vzi—l Vi41) = 4i21 1=12--n-1.
Clearly fgpp is an injection.
gCin of (Vl) = ng of {fo*rpp (171 172), fo*rpp (171 v3)}

= gcd of {3, 4}=1.
gcin of (Vis1) = gcd of {fo*rpp (v Vit1), fo*rpp (Vit1 Viy2)}

=1, i=1,2,---,2n-3.
gCin of (V2n-l) = ng of {fo*rpp (UZn—S v2n—1): fo*rpp (UZn—Z vZn—l)}

= ged of {(2n-2)?, 4n-6n+3}

= gcd of {2n-2, (2n-2)(2n-1)+1}=1.
So, gcin of each vertex of degree greater than one is 1.
Hence T{P,}, admits one raised product prime labeling.

Example 2.3 G = T(P,)
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fig—2.3

Theorem 2.4 Let G be the graph obtained by joining the corresponding internal
vertices of two copies of path Py, .
G admits one raised product prime labeling.
Proof: Let G be the graphand let vy,v,,---,v2, are the vertices of G.
Here [V(G)| = 2nand |E(G)| = 3n-4.
Define a function f: V — {1,2,---,2n} by
f(vi)=1i,i=12,---,2n.
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows

fo*rpp(vzi—l v2i+1) = (Zi)zv i=1,2,---n-1.
forpp (Vi V2i42) = (2i+1)2, i=1,2,---n-1.
Jorop (V241 V2i42) = 4i%+6i+3, i=1,2,---,n-2.

Clearly fgpp is an injection.
gcin of (Vais1)

ng of {fo*rpp (v2i+1 v2i+3): fo*rpp (v2i+1 v2i+2)}

= ged of { (2i+2)?, 4i2+6i+3}

= gced of { 2i+2, (2i+1)(2i+2)+1}

=1, i=12--n-2.
gCin of (V2i+2) = ng of {fo*rpp (172i U2i+2)! fo*rpp (v2i+1 1721’+2)}

= ged of { (2i+1)? 4i*+6i+3}

= ged of { 2i+1, (2i+1)(2i+2)+1}

=1 i=1,2,---,n-2.
So, gcin of each vertex of degree greater than one is 1.
Hence G, admits one raised product prime labeling.

Example 2.4 Let G be the graph obtained by joining the corresponding internal
vertices of two copies of path Ps.

Vi V3 Vs V7 vy

e 4 o 16 o 36 o 64 )
13 31 57

O g O yp) 0 39 (1 ST O

V2 V4 Vg Vs Vi
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fig—2.4

Theorem 2.5 Strong duplicate graph of path P, admits one raised product prime
labeling.
Proof: Let G = S{D(P,)}and let v1,v,,---,vo, are the vertices of G.
Here [V(G)| = 2nand |E(G)| =3n-2.
Define a function f: V — {1,2,---,2n} by
f(vi)=i,i=12,---2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows

forpp (V2i-1 V2i) = 4i%-2i+1, i=12--n.
forpp (V2i-1 V2i+2) = 4i%2i-1, i=12,--n-1.
fo*rpp(vzi V2i+1) = 4i2+2i+1, i=12--n-1.
Clearly forpp is an injection.
gCin of (Vl) = ng of {fo*rpp (vl UZ)I fo*rpp (vl U4)}

= gcd of {3,5}=1.
gCin of (Vi+1) = ng of {fo*rpp (v vi+1)l fo*rpp (Vi+1 vi+2)}

=1, i=1,2,---,2n-2,
gCin of (V2n) = ng of {fo*rpp (v2n—3 vZn)i fo*rpp (UZn—l v2n)1 }

= ged of {4n%-6n+1, 4n*-2n+1}
= ged of {4n, 4n%-6n+1}
= ged of {n, 4n?-6n+1}=1.

So, gcin of each vertex of degree greater than one is 1.

Hence S{D(P,)} , admits one raised product prime labeling.

Example 2.5 G = S{D(P,4)}

fig 2.5

Theorem 2.6 Z- graph of path P, admits one raised product prime labeling.
Proof: Let G = Z(P,) and let v1,v,,---,vo, are the vertices of G.
Here |[V(G)| = 2nand |E(G)| =3n-3.
Define a function f: V — {1,2,---,2n} by
f(vi)=i,i=12,--,2n
Clearly f is a bijection,
For the vertex labeling f, the induced edge labeling f,;,, is defined as follows

forpp (Vi1 V2i+1) = 4, i=1,2--n1.
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4i%+2i+1 i=1,2--n-1.
4i%+4i+1 i=1,2--n-1.

fo*rpp(vzi v2i+1)

fo*rpp(vzi v2i+2)

Clearly fg7pp is an injection.
gcin of (V2i+1)

ged of {forpp (V2i-1 V2i+1)s forpp (V2i V2i+1)}

= ged of {4i%, 4i*+2i+1}

= gcd of {2i, 2i(2i+1)+1}

= 1, i=1,2,---,n-1.
gCin of (VZi) = ng of {fo*rpp (vzi v2i+1)’ fo*rpp (7721' v2i+2): }

= ged of {4i%+2i+1, 4i%+4i+1}

= gcd of {2i, 2i(2i+2)+1}

=1, i=1,2,---,n-1.
So, gcin of each vertex of degree greater than one is 1.
Hence Z(P,), admits one raised product prime labeling.

Example 2.6 G = Z(P,)

Vi V3 Vs V7
0] 3 (O] 16 O 36 (O
7 21 43
O =] O 25 O 49 O
Vo Va Vg Vg
fig 2.6

Theorem 2.7 Shadow graph of path P, admits one raised product prime labeling.
Proof: Let G = D,(P,) and let v4,v,,---,v2, are the vertices of G.
Here [V(G)| = 2nand |E(G)| =4n-4.
Define a function f: V — {1,2,---,2n} by
f(vi)=1i,1=12--2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows

fo*rpp(vzi—l v2i+1) = 4i21 i= 1,2,---,n-1.
fo*rpp(vzi—l V2i+2) = 4i2+2i'1, i=12--n-1
forpp (V2i V2i+1) = 4i%+2i+1, i=1,2,---n-1.
forpp (V2i V2it2) = 4i%+4i+1, i=1,2,---n-1.
Clearly forpp is an injection.

gCin of (Vl) = ng of {fo*rpp (171 US): fo*rpp (171 v4)}

= gcd of {4,5}=1.
gCin of (VZ) = ng of {fo*rpp (UZ 7-73)! fo*rpp (UZ 174)}

= gcd of {7, 9}=1.
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gCin of (V2i+1) ng of {fo*rpp (172i—1 v2i+1), fo*rpp (7721' v2i+1)}

= ged of {4i%, 4i*+2i+1}

= gcd of {2i, 2i(2i+1)+1}

=1, i=12,---,n-1.
gCin of (V2i+2) = ng of {fo*rpp (172i—1 v2i+2)’ fo*rpp (Uzi 1721’+2)1 }

= ged of {4i%+2i-1, 4i*+4i+1}

= ged of {2i+2, 4i*+2i-1}

= gcd of { 2i+1, 2i+2}

=1, i=12,---n-1.
So, gcin of each vertex of degree greater than one is 1.
Hence D,(P,) , admits one raised product prime labeling.
Example 2.7 G = Dy(P4)

fig 2.7

Theorem 2.8 Strong shadow graph of path P,, admits one raised product prime
labeling.
Proof: Let G = S{D,(Pn)} and let vi,v,,---,von are the vertices of G.
Here [V(G)| = 2nand |E(G)| =5n-4.
Define a function f: V - {1,2,---,2n} by
f(vi)=i,i=12,--,2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f5;,,,, is defined as follows

fo*rpp(vzi—l 172i) = 4i2'2i+1, i= 1,2,---,n-1.
forpp (V2i-1 V2i41) = 4i%, i=12,---,n-1.
forpp (V2i—1 V2i42) = 4i*+2i-1, i=1,2,---,n-1
fo*rpp(vzi U2i+1) = 4i2+2i+1, = 1,2,---,n-1.
Jorpp (V2i V2i42) = 4i%+4i+1, i=1,2,---n-1.

Clearly fgpp is an injection.

gCin of (Vl) = ng of {fo*rpp (171 UZ): fo*rpp (171 UB)}

= ged of {3, 4}=1.
gcin of (Vis1) = gcd of {fo*rpp (v Vit1), fo*rpp (Vit1 Viy2)}

=1, i=1,2,---,2n-2.
gCin of (VZn) = ng of {fo*rpp (v2n—2 vZn)a fo*rpp (UZn—l vZn)}

= gcd of {4n*4n+1, 4n®-2n+1}
= ged of {2n, 4n%-2n+1}
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= gcd of {2n, 2n(2n-1)+1}=1.
So, gcin of each vertex of degree greater than one is 1.
Hence S{D.(P,)}, admits one raised product prime labeling.

Example 2.8 G = S{D,(P4)}

Vi V3 Vs Vs
G 3 D 18 & 36 )
3 3 13 1 31 4 57
7 21 43
G 3 & 75 79 ©
V2 V4 Vs Vg
fig 2.8

Theorem 2.9 Splitting graph of path P, admits one raised product prime labeling.
Proof: Let G = S'(P,) and let vy,v,,---,v2, are the vertices of G.
Here [V(G)| = 2nand |E(G)| =3n-3.
Define a function f: V — {1,2,---,2n} by
f(vi)=i,i=12,---2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f5;,,,, is defined as follows

fo*rpp(vzi—l V2i42) = 4i2+2i'1, i=12--n-1
forop Wi Vait1) = 4i%42i+1, i=12--n-1
forop Wi Vait2) = 4i%+4i+1, i=12--n-1

Clearly fopp is an injection.
gcin of (Vais1)

ng of {fo*rpp (172i v2i+1)a fo*rpp (v2i+1 v2i+4) }

= ged of {4i%+2i+1, 4i?+10i+5}

= ged of {8i+4, 4i*+2i+1}

= gcd of {2i+1, 2i(2i+1)+1}

= 1, i=12--n-2.
gCin of (VZi) = ng of {fo*rpp (V2i v2i+1)1 fo*rpp (V2i v2i+2)’ }

= ged of {4i%+2i+1, 4i%+4i+1}

= gcd of {2i, 2i(2i+1)+1}

=1, i=12,---,n-1.
gcin of (v2n) = ged of {fo*rpp (V2n-3 Van)s fo*rpp (V2n-2 Van)}

= ged of {4n%-6n+1, 4n*-4n+1}

= ged of {2n, 4n%-6n+1}

= gcd of {2n, 2n(2n-3)+1}=1.
So, gcin of each vertex of degree greater than one is 1.
Hence S'(Py,), admits one raised product prime labeling.

Example 2.9 G = S'(P,)
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fig2.9

Theorem 2.10 Strong splitting graph of path P, admits one raised product prime
labeling.
Proof: Let G = S{S'(P,)} and let v1,v,,---,vo, are the vertices of G.
Here [V(G)| = 2nand |E(G)| = 4n-3.
Define a function f: V - {1,2,---,2n} by
f(vi)=1i,i=12,--,2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows

forop W2iz1 Va:) = 4i%-2i+1, i=1,2--n.
Jforpp (V2i-1 V2i42) = 4i*+2i-1, i=12,--n-1
forpp (Vi Vair1) = 4i%+2i+1, i=12--n-1
forpp (V2i Vaisa) = 4i%+4i+1, i=1,2--n-1
Clearly fgpp is an injection.
gCin of (Vl) = ng of {fo*rpp (11 UZ): fo*rpp (1y 174)}

= gcd of {3, 5}=1.
gCin of (Vi+1) = ng of {fo*rpp (v vi+1)l fo*rpp (Vi+1 vi+2)}

=1, i=12,---,2n-2.
gcin of (vn) = gcd of {fo*rpp (V2n-3 Van), f(;;”pp (V2n-2 V2n)}

= 1.

So, gcin of each vertex of degree greater than one is 1.
Hence S{S'(P)}, admits one raised product prime labeling.

Example 2.10 G = S{S'(P4)}

fig 2.10
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